PARAMETRIZATION OF REPRESENTATIONS OF BRAID 

GROUPS 



CLAUDIA MARfA EGEA, ESTHER GALINA 

Abstract. We give a method to produce representations of the braid group 
Mn of n — 1 generators (n < oo). Moreover, we give sufficient conditions over 
a non unitary representation for being of this type. This method produces 
examples of irreducible representations of finite and infinite dimension. 



1. Introduction 

The braid group of n string, B„, is defined by generators and relations as follows 

B„ Ti, . . . , r„_i 

~= {TkTj = TjTk, if |fc - j\ > 1; TkTk+lTk = Tfc+lTfcTfc+l, 1 < fc < n - 2} 

We will consider non unitary representations of the braid groups on separable 
Hilbert spaces, they are homomorphisms of groups -0 : B„ ^ 13{H), where B{T-C) is 
the set of bounded linear operators on a Hilbert space Ti.. In this context we will 
admit n = oo, where is the braid group with infinity many generators. 

One of the purpose of this work is to obtain non unitary representations of a 
locally compact group G which satisfies the second axiom of countability. Given a 
5-tuple (tt, X, II, v, U), where {X, /i, v) define a direct integral Hilbert space Ti, tt is 
an action of G on X, the measure fi and the function satisfy certain compatibility 
with the action tt and C/ is a cocycle on B{H) that verifies some relations (definition 
2.9), then we define a non unitary representation <j)(-K.x,^L,v,u) of G. 

In the particular case of the braid group, we can also establish sufficient condi- 
tions over a non unitary representation to be of this type. That is, given a repre- 
sentation p which satisfies certain conditions we present a 5-tuples (tt, X, /i, v, U) 
such that p « (t'(TT.x,fj,,i^,u}- Therefore, we parametrize a family of representations 
by 5-tuples. This family is really huge. 

A similar parametrization was obtained by Varadarajan through of systems of 
imprimitivity. The systematic development of this concept is due to Mackey and he 
applies his results to the notion of induced representations. The reader can consult 
Chapter VI of [V] for references and comments. A system of imprimitivity is a pair 
{p,V), where p is a unitary representation over a separable Hilbert space Ti and 
V := {Pa : a e A} is a family of projections such that 
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Varadarajan shows that given a system of imprimitivity there exist certain param- 
eters, equivalents to our 5-tuple, such that p is Uke (j){Tr,x,ti,u,u)- But from the 
properties of a non unitary representation p in the family that we parametrize, we 
propose a set of projections V, that depends on p, such that (p, V) can be a system 
of imprimitivity. 

The family of representations that we consider is the following. Let V be a 
representation of B„, n < oo, over a separable Hilbert space H such that the family 
.F = {tp{Tk)tp{Tk)* : fc = 1, . . . , n — 1} is commutative and each operator of has 
discrete spectral decomposition, that is 

leik 

for some projections Pk^i and complex numbers Xk,i- Note that if dimW < oo, the 
last condition is trivially satisfied. At infinite dimension, if the operator il){Tk) is 
compact it is satisfied. 

Let N be the von Neumann algebra generated by ^. As is a commutative set, 
then iV is a commutative algebra and the space Ti. can be seen as a direct integral 
Hilbert space (see section 2). We also impose that ^p{Tk)Pj^iip{Tk)~^ € N, for all 
spectral projection Pj^i associated to the operator ip{Tj)'ip{Tj)* . These relations say 
that there exists an action tt of B„ on N. This action induce one of B„ on H that 
permits us to give an expression for each ipi^k) in terms of a 5-tuple (tt, X, p, i/, U). 

The strategy of using the theory of commutative von Neumann algebras to pa- 
rametrize representations has been used by Garding and Wightman to parametrize 
the representations of commutation and anti-commutation relations [GWl], [GW2]. 
In [G] the reader can find more details. It has been also used by Galina, Kaplan 
and Saal to classify real, complex or quatcrnionc representations of the Clifford 
algebras associated to infinity dimensional vector spaces [GKSl], [GKS2]. 

We give explicitly the 5-tuple associated to some well known representations as 
the standard representation [TYM] or [S] and some local representations [AG] , [AS] 
(the ones obtained from solutions of the Yang-Baxter equation, see section 4). In 
the same way, the finite dimensional representations given in [EG] can be obtained 
by 5-tuples. 

This work is divided in 6 sections. In the section 2, we give some basic results and 
notation of von Neumann algebras. The main result of this section is theorem 2.10 
that gives a method to obtain a non unitary representation of a locally compact 
group G from a 5-tuple {tt, X, pjUjU). In section 3, we prove the theorem that 
parametrize the representations of the braid group mentioned before through of 5- 
tuplcs, using the results of von Neumann algebras theory. In section 4, we present 
the corresponding parameters of some well known representations as the standard 
representation and diagonal local representations. In this way, we can generalize 
these classical representations of B„ to representations of Boc. In section 5 we 
analyze some relations between the measure p and the action of the group B„ on 
X. In particular, for n = oo, we show that some non discrete measure, as product 
measure or Lebesguc measure for the interval [0, 1], can be considered. Finally, in 
section 6 we give some conditions in the 5-tuple to guarantee the irreducibility of 
the associated representation. 
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2. A WAY TO OBTAIN NON UNITARY REPRESENTATIONS 



In this section we first revise some concepts and we fix notation. We give a 
method to obtain non unitary representations of a locally compact group G from a 
specific data. 

Definition 2.1. Let (X, /i) bo a measure space, that is, X is a set with a cr-algcbra 
of subsets and is a non-negative completely additive set function defined on the 
<7-algebra. Let z/ : X ^ N U {oc} a measurable function, u divides the set X into 
disjoints measurable subsets Xm = {a; G A : fix) = m}, whore m e N U {oo}. For 
each X € X, let m := i^(a;), and let Hx ■= Ti-m a fixed m-dimensional separable 
Hilbert space. 

Let TL be the space consisting of measurable vector functions f , x ^ f{x), such 
that f{x) G Hx for almost all a; G A and \\f{x)\\^diJ, < oo. A vector function / is 
measurable if for each h G Hm the scalar function a{x) =< f{x), h> is measurable 
over Xm- In H wc consider the addition, multiplication by scalars and the scalar 
product respectively defined by 



Then is a Hilbert space called the Direct Integral of the Hilbert space {Hx} 
over {X,ii). We write H = Hxdfi{x). 

The function v is called dimension function. Sometimes, we will identify the 
Hilbert space H with the triple (A, /i, jy). 

Example 2.2. If A = N with the measure that assigns to each set its cardinal, 
the direct integral is just the direct sum of Hilbert space of the family {Hn}- 

Example 2.3. If (A, /x) is any measure space and Hx = C for each a; G A, then 
the direct integral is L^{X, fi) the space of square integrable functions on A. 

Definition 2.4. Let H = HxdiJ.{x). A bounded linear operator T over H is 
said to be decomposable if there is a function x — > T{x) over A such that T{x) is a 
bounded linear operator of Hx, and for each f €H, {Tf){x) = T{x)f{x) for almost 
every a; G A. 

If, in addition, each T{x) is a multiple of the identity operator of Hx, we say 
that T is diagonalizable. 

If H = Hxdfj.{x), for each essentially bounded measurable function ip G 
L°°{X, fi), there is a diagonalizable operator on H given by 



The set of operators form a weakly closed commutative *-subalgebra of 



Definition 2.5. A von Neumann algebra is a weakly closed *-subalgebra of B{H) 
for some Hilbert space H, that contains the identity operator of H. 






{M^f){x) = ip{x)f{x) 



B{H). 



With this definition we may rewrite the last statement in the following way. 
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Remark 2.6. If the Hilbert space H is the direct integral of the Hilbert spaces 
Hx, then the subalgebra {M^} of B{H) is a commutative von Neumann algebra. 
Moreover, the converse holds too. For all commutative von Neumann algebra in a 
separable Hilbert space H, there is a measure space {X, jj) and a measurable family 
of Hilbert spaces {Hx} such that W = J® HxdiJ,{x) and each element of the algebra 
has the form M^p for some essentially bounded function ip (see by example [vN] or 
theorem 14.2 of [KR]). 

Let G be a locally compact group. We want to define a representation of G over 
H the direct integral Hilbert space associated to {X^ji, v). Let it : G x X ^ X he 
an action of G on X, that is, for each g G G, i^{g) is a continuous function, and 
77(5/1) = 'jT{g)n{h) for all g,h G G. Suppose that the measure /x and the dimension 
function v verify the following compatibilities with tt. 

Definition 2.7. The measure /i is said tt -quasi-invariant if the measures and 
IJ,{Tr{g)x) have the same set of measure zero, for all g & G. That is, /i(-E) = if and 
only if iJL{'K{g)E) = 0, for all g &G. 

If ii{'K{g)E) = ii{E) for all E subset of X and for all g € G, then the measure /j. 

is said invariant. 

Definition 2.8. The dimension function i^(a;) is said n -invariant if iy{x) = i'{Tr(g)x), 
for all g G G, and for almost every x G X. 

We need just one more ingredient. Given H a Hilbert space, then B{H) is a 
Borel space with the smallest cr-algebra of measurable subsets which makes all the 

maps A ^< Af, h > measurable, for all /, /i G 

Definition 2.9. Let G be a locally compact group, and H a direct integral Hilbert 
space associated to the triple {X,^, v). Let tt be an action of G on X, such that 

fi is TT-quasi-invariant and ly is 7r-invariant. A (G, X,T-l)-cocycle relative to /i is a 
function U : G x X ^ B{H) which satisfies the following properties: 

(1) U is a Borel map, 

(2) for each g G G, U{g, .) is a decomposable bounded operator of B{H), with 
decomposition function x — > U{g,x), 

(3) U{l,x) = 1-H-i for almost all x G X, 

(4) U{gig2,x) = U{gi,'jT{g2)x)U{g2,x) for almost all x G X. 

Teorema 2.10. Let G be a locally compact group and let (tt, X, n, v, U) he a 5-tuple 

where 

(1) TT is an action of G on X; 

(2) {X, fi) is a measure space with /i a TT-quasi-invariant measure; 

(3) J/ : X ^ N U {00} is a TT-invariant measurable function; 

(4) U : G X X B{H) is a cocycle relative to ^, where H is the direct integral 
Hilbert space associated to {X, /x, u) . 

Then 

(l> = (t>('K,x,ti,v,u) ■ G B{n) 

defined by 

(2.1) (0(fl)/)(x) = ,/^^^^5^f^f/(5,7r(5-i)x)/(7r(5-i)x) 
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is a representation of G on H. 
Proof. 

(2.2) (Pigh) = mm 

By Lemma 5.28 of [V], is continuous if it is measurable. By definition of the 
cr-algebra of measurable subsets of B{H), it is enough to verify that for f,h £ H, 
the function G — > C defined by < (p{g)f, h> is measurable. But 



< 



mf, h>= < {mf)ix), h{x) > dn{x) 

J X 




Since the integrand on the right is a Borel function on G x X, because J7 is a Borel 
function, and the function < •, • > d/x(a;) of W x W in M is a Borel function, 
< (f){g)f, /i > is a measurable function. 
Let us compute (jyigh), let f 



{<P{gh)f){x) = jM!I^gp^c/(5/,,^((5/,)-i):,)/(^((g/,)-i):,) 



On the other hand 



/ d/x(7r(g-i)x) dmh-'M9-^)x) 
V df,{x) Y d^i{^^{g-^)x) 

U{g, n{g-^)x)U{h, 7r{h~>{9~^)^)f{^{h->{9-^)x) 

The conditions on J7 to be a cocycle and the property of the measure /i imply that 
2.2 is true. So, ^ is a representation of G onH. □ 

Note that two different tuples may define equivalent representations. 

The operator (p{g) is not necessarily a unitary operator; it will be, if U {g, .) is 
unitary. Varadarajan shows this results when the function dimension u is constant 
and the cocycle U is unitary, that is U{g, .) is a unitary operator for each g G G 
(see [V], theorem 6.7, pag 215). 

If G is a discrete group presented by generators and relations, it is enough to 
define a cocycle U in the generators such that they satisfy the relations of G. In 
the case G = B„, the equations of cocycle for the generators are 

(2.3) 

U{TkAT-k ^)x)U{Tk+i,Tr{Ti^^^)n{Tf^ i)a;)C/(Tfc,7r(Tfe ^)n{T^^^)TT{T^ ^)x) = 

= f/(rfe+i, 7r(rfe-_|_\)a;)?7(Tfe, '7r{T^^)n{T^^-^)x)U{Tk+uTr{T^^^)n{T^^)n{T^^-^)x) 
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ifl<A:<n-2 
(2.4) 

U{Tk,7r{T-')x)U{Tj,n{r-'Mrk')x) = U{Tj,7r{T7')x)U{TkMrk'Mr7')x) 

if \j -k\>l. 

Prom now on fix the notation for tt^x — 7r(Tfe)x. 

Example 2.11. Let X = {(xi, . . . , a;„) : xi ^ A} for some set A c N, n < oo, let 
TT the action of B„ on X given by 

'^k {xi 7 ■ • ■ 5 X}z , , . . . , Xyj) — (xi , . . . , Xfe-j_i , X}z , . . . , Xti) 

Note that 'K'j^^x = tt^x. Then, the following equations on J7(rfe, TTfcx) implies the 
equations 2.3 and 2.4. They have a more simple expression. 

(1) ?7(Tfe+i,7rfc+ix) = [/(rfe.TrfcTrfc+iTTfcx) if 1 < A; < n - 2, 

(2) U{Tk,'!TkTTjX) = U{Tk,njX) if \j -k\> 1, 

(3) the operators C/(rfc,7r/cx), C/(rfe, TTfeTTfe+ix), and U{Tk,i^kT^k+i'!^kx) commute 
and /7(rfc,7r/jx) commutes with U{Tk,iTkTTjx). 

Furthermore, in this case, (1) permits us to define inductively the cocycle in 
the following way, wc define J7(ti,x) for all x G X. Then, we obtain U{Tk,x), 
2 < k < n — 1, from (1). Finally we verify the other conditions. Therefore this 
gives a machinery to construct examples. 

Example 2.12. Let p be a representation of B„ on a vector space V. Consider 
the 5-tuplc (tt, X, ^, v, U) likewise in Theorem 2.10, where v{x) =- dim for almost 
all X G X and the cocycle is a constant function on X defined by U{Tk,x) = p{Tk). 
Then we can generalize any representation of B„. In section 6 wc arc going to give 
conditions in the 5-tuplc such that the associated representation to be irreducible. 

Note that if X = {xo}, /i(xo) = 1 and tt is the trivial action of B„, on X, then 
4'{-K,x,n,v,u) ~ P- But this is a trivial parametrization of representations. In the 
next section, we are going to give a non trivial parametrization. 

In section 4 we will give more interesting examples. 

3. Parametrization of a family of representations of B„ 

With the notation of the previous section, we characterize a class of representa- 
tions of B„ through the 5-tuple (tt, X, fi, z/, U) parametrization. 

Let tp : Mn B{'H) be a representation of the group B„ (n < oo), over a 
separable Hilbert space H. We denote by Vfe := i^{Tk)- Assume that the family 
{V'feV'fe} is a commutative family of operators with discrete spectral decomposition, 
that is 

(3.1) V'feV'fc = XI ^k,iPk,i for all k 

(3.2) Ipki/Jli/Jji/Jj = ipjtl^*ipk-4'l, for aU j, k 

Assume that the cardinality of Ik is greater than 1 for technical reasons. In 
particular, VfeV'fc is a non unitary operator. The second condition ensures that the 
von Neumann algebra A'^ generated by the family = {V-'feV-'fe} is commutative. 
Then, by remark 2.6, H decomposes in a direct integral associated to a triple 
{X',ii,y). Respect of this decomposition, each element of A'' corresponds to a 
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diagonalizable operator M^p of B{H). In particular, each projection is exactly the 
operator multiplication by the characteristic function XXk,i of a measurable set Xk,i 
of positive measure. That is 

It is known that every von Neumann algebra is generated by its spectral pro- 
jections. Then N is generated by the spectral projections Pk,i. So, it is enough 
to consider the cr-algcbra of subsets of X' generated by Xkj with I € Ik and 
k = 1, . . . ,n — 1. Furthermore, since X^^g/^ Pk,i = for each k, we have that 
{Ji^ii^ Xk^i = X', then each x' G X' belongs to a set Xk,xk foi' some k G {1, . . . ,n — 
1}. Hence, we can replaced X' by its factor set X, whose points are the subset of 
X' of the form n^Zi^Xfc,^,. Thus = n^zllmPk,^,. 

If we assign the number Xk to each set Xk.x^ , then each element x € X can be 
identified with the (n — l)-tuple {xi, . . . ,Xn-i) {n can be oo). Under this identifi- 
cation note that Xjj = {(xi, . . . ,Xn-i) £ X : xj = I}. Hence, Xj^i c X and the 
cr-algebra de subsets of X and X' coincide. 

If the dimension of Ti. is finite, this reduction to the diagonal form is not more 
than the process of the simultaneous diagonalization of a commutative family of 
operators. 

On the other hand, ilJkPj,iipk^ ^ projection, assume that it is in A'' and denote 
it by P„^(^j,i), that is 

P^.ij.i) ■■= i^kPj.ii^k^ 

Or equivalently, since Pj^i — M^^ ; ' have that 



(3-3) V'fcM^x,,^fc-'=M^.,(x,,) 

We can define an action tt of the group B„ in the cr-algebra of the subsets of X 
by 7r(Tfc) := TTfe, where the values in the generators of the cr-algebra are 

XjJ — > Trk{Xk,l) 



Indeed, by the braid group equations we have that 



ifl<fc<n — 2 and 

ipiipkP3,xiiPk'^iPi'^ = iPki>iPj,x^i)i'^iPk'^ 

if |i — A:| > 1, hence 

TT/cTTfe+lTrfc = TTfe+iTTfeTr/c+i 

for all k such that 1 < < n — 2, and 

if |j — fc| > 1. So, the braid group ]B„ acts in the cr-algebra of subsets of X . 

Lemma 3.1. This action ofMn in the a-algebra of sets of X induces an action on 
X given by 

TTkix) = 7rfc(npiX,- := r)]I^nk{Xj,x,) 
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Proof. We must see that f^j^iTTkiXj^Xj) 7^ and that iTk{x) is an element of X, 
this is n"ri7rfc(Xj,^J = D^I^Xj^i. for some Ij e Ij. 

In fact, X is identified with the set n"~^'^Xj which is associated to the non-zero 
projection /\"IiPj.xj (indeed, if P and Q are projections, PAQ denotes the orthog- 
onal projection onto ImP nimQ). In the same way, ri^llTTkiXj^xj) is associated 
to the operator Aj^^ {ip{Tk)Pj,xj'ip{Tj:'^)) = '^{Tk)iA"^iPj^x,)i'iT^^)- It is non zero 
since i'irk) is invertible. Hence, r\"Iink{Xj^xj) 7^ 0- 

Note that for each j and r, 1 < j,r < n — 1, there exists Ir € Ir such that Xr,i^ n 
Wk{Xj^xj) 7^ 0- In fact, for each r, J2iei^^r,i = !«• Hence i'{Tk)Pj,xji'{Tk^) = 
'^lei '4'{Tk)Pj,xj'^{Tk^) A Pr^i- As left side is a non-zero projection, there exists 
Ir S Ir such that ip{Tk)Pj^xj'tPiTj7^) A Pr,i IS non-zcro. Then, Xr^i^ HwhiXj^xj) is a 
measurable set with positive measure. 

This says that all the sets Xr,i^, 1 < r < n — 1, appear in the expression of 
7Tk{Xj^xj) as union of intersections of elements of the a-algebra of subsets of X. 
That is, if 

^k{Xj,x, ) = U X,. n X,. n • • • n x,,^. n . . . 

where 1 < j < n — 1 and = (mj , 77X2 , ■ ■ ■ , j • • • ) ' then for each r there exists 
i such that = r and = ir- 

Note that Ir can depend on 7, but we can choose it such that it does not depend 
on j. In fact, we want to see that for each r there exists Ir G Ir such that for all 
j, 1 < j < n — 1, Xr,ir n -Kk{Xj^xj) 7^ 0- Suppose that for all I & Ir, there exists j' 
such that Xr,i fl nk{Xj'^x /) = 0- Hence, 



= ^lelri^r,! n 7r/;(Xj/,a,^,)) = (Uig/^Xr,;) n -KkiXji^xy) = X -KkiXjt^xy) 

lich is a contradiction. 
Compute rf^zl TTfe (Xj^j; ) , 



n—l n—1 

n '^^(^^■.-.) = n ( U ^ti,mi n n • ■ • n n . . . ) 

mieLi,...,m"-i6Z/''-i 

^ • ■ ■ ^ ^t%,m^r^ n • • • n x^n-i_„.-i n n • • • n ^r-^.^-i^ n . . , 

But if in a term of the union 
(3.4) 

Xti,7ni ri Xti,mi n • • • n x^i^^^i^ n • • • nx^^^^fc n x^fc^^tn 

n • • • n x,.^ n • • • n n x^j-i.^j-i n • • • n ,„„-^i^ n . . . 

appears the subsets X^i „j! and ^^^i^, with the same first subindex t^^, then the 
second ones have to be equal, a = /3, or the intersection 3.4 is empty. Therefore, 
each term of the union is intersection at most of n — 1 sets, or it is empty. But the 
n—l sets Xrj^ are the unique sets which appear in the decomposition of iTkiXj^xj) 
for all j. Then, they appear in each not empty term of the union. 
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Therefore 0^=1 T^kiXj^Xj) = <^r=i-Xr,i,. or it is empty. But we have aheady seen 
that it is non empty, so iTkix) is well defined. □ 

Under these conditions we can establish the following parametrization 

Teorema 3.2. Let tp : ^ B{H) be a representation of the braid group Bn 
(n < oo) over a separable Hilbert space H, that satisfies the following conditions, 

for all fc, j 

(1) V'feV'ft has discrete spectral decomposition such that V'fe^ft 7^ ^^h! 

(2) ipkipl'4}jVj =i'j'<P*j'4^ki)l; 

(3) if N is the von Neumann algebra generated by 

^ = {'0/cV'fc ■.k = l,...,n-l} 

then tpkPipk^ ^ Z^*' projection P £ N. That is B„ act in N by 
conjugation. 

Then there exist a 5-tuple (tt, X, /x, z/, [/) such that ip = 4>(-K,x,pi,,iy,u)j where 

(a) TT is an action of the braid group on X; 

(b) (X, /i) is a measure space with fi a ir -quasi-invariant measure; 

(c) J/ : X — ^ N U {oo} is a it-invariant measurable function; 

(d) U : Mn y- X ^ B{H) is a cocycle on H, the direct integral Hilbert space 
associate to {X,^,iy), such that 

(3.5) U{Tk, ■)U{Tk, •)* is a diagonalizable operator on H, 
That is 

(3.6) (Mix) = (V(t.)/)(x) = ^l^!^^^U{Tk,7r^'x)f{7r^'x) 

Conversely each h-tuple with those properties defines a representation ofM^ on 
H = Hxdfi{x) given by 3.6 where the operators ipk satisfy the conditions (1), 
(2), (3). 

Remark 3.3. The conditions 3.3 and (3) of the theorem are equivalent because N 
is generated by the projections Pj^i. 

Proof. We have already seen that the von Neumann algebra A^" generated by T 
decomposes W as the direct integral of the Hilbert space Tix of dimension v{x) over 
(X, fi). Furthermore, by the lemma 3.1 there is an action tt of the braid group B„ 
on X. We denote tt^ := 7r(Tfc) for each fc, 1 < A; < n — 1. 

As N is generated by the commutative family T = {Pk,i ■ I € Ik,k = 1, . . . ,n—l} 
as von Neumann algebra, every element of A'' is strong limit of linear combina- 
tions of the elements of JF. Then, by condition (3) we have the following relations 

(3-7) VfcM^ = M^„^-iVfe 

Now, we prove the 7r-invariancc of the dimension function v. It is enough to 
see that dimH^ = dimH7rfc(a;) for almost all x and all k. We assume that this 
fails, then there is E C a set of positive measure such that Trk{E) C Xm-i- 
Let X E E and let {hi, . . . hm} be a base of the Hilbert space Hm- Consider the 
following vector functions fi{x) = XF{x)hi with i = 1, . . . ,m and F an arbitrary 
subset of E of positive measure. These functions are linearly independent in H. 
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Let gi{x) — {ipkfi)ix), as 'ijjk is invcrtible the set {gi} is also linearly independent 
in W. 

We want to see that for almost all y e TTk{F), the set {gi{y)} is linearly in- 
dependent in Hy. Assume that there is a set F of positive measure such that 
this set is linearly dependent for almost all y S iTk{F). Hence, suppose that 
9m{y) = Yh=i ai9i{y)- Then, by the linearity of -0^, 

m — 1 / /m— 1 \\ 

That is, {ijjki.fm — Yl^i' o,i.fi)){y) = for almost all y G TTk{F). Therefore 
fm — ^27^ ^ifi — since tpk is invertible and fi{'jTk{F)) > 0. But this contradicts 
the linear independence of {fi}. 

Therefore {gi{y)}^i is linearly independent in Hy. On the other hand, the 
dimension of Hy is m — 1 by the choose of E, then there is a contradiction. Thus, 
i'{x) = v{'Kkx) for almost all x & X. 

Now, we have to see that the measure /U is 7r-quasi-invariant, that is that 
and n{'Kkx) have the same set of measure zero. We are going to prove that /u(-E) > 
if and only if fj,{TTkE) > for all k. But X is the disjoint union of the sets X^ = 
{xGX : iy{x) = m}. Then, E = EnX = U„<oo ^ <^ ^rn- Therefore fi{E) > if 
and only if ^{E n Xm) > for some m. Hence, we may suppose that E C X„i. 

Let xe be the characteristic function of the set E, let h he a. unitary vector in 
the space Hm, and consider the vector function x f{x) = XE{x)h. Then 

<f,f> =Ix< fix) > dix{x) 

= fx < XE{x)h, XE{x)h > dii{x) 
= < h,h> dn{x) = ijl{E) 

On the other hand, for each k, \ < k < n — 1 

H{E)=<f,f> =<i;-^i;kfj> 

=< M,{^k')*f> 

=< i^kM^J, {^k^yM^j> 

Therefore, if we suppose that fJ.{E) > and ^{iTkE) = we obtain a contradic- 
tion. Conversely, let E C Xm- As is 7r-invariant, TTk{E) C Xm too. We want 
to see that if fi{TTkE) > then n{E) > 0. Let g be a vector function such that 
g{x) = x-Kk{E){x)h, where /i is a unitary vector of Tim- Hence 

< g,g>= <h,h> dn{x) = ni-KkE) 

But 

H{-KkE) =< g,g> =< il^ki^k^g, g > 

=< i'k_^9,i^*k9> 

=< i'k'M^.,iB,9,rkM^^^^^^g > 

=<M^^^^_'g,M^,rk9> 

= Ie< (V-fc ^9){x), {rk9){x) > dfi{x) 
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Therefore, ii{-KkE) > implies /u(-E) > 0. Hence, the Tr-quasi-invariance of the 
measure is proved. 

Consider the following operator on H, {Vkf){x) = ^J'^^^^fi^^kx). Observe 
that Vk is well defined by the 7r-invariance of u and is invertible, {V^^f){x) = 

^ '^'^d^ix'^ f (^fc ^ ^) • Furthermore, they have the following property, 

(3.8) VkM^ = M^o^^Vk 

Let U(Tk,-) := VfcVfc) it commutes with all the operators M,^ of N by 3.7 and 
3.8. Then it is a decomposable operator and there exists U{Tk,x) : Hx 'Hx such 
that 

{U{Tk,-)f){x)=U{Tk,x)f{x) 

for almost all x. 

Then Vfe = V^'^U{Tk, ■), that is 



(Mix) = \l^^^Bzr^U{rk.^-,'x)f{^-,'x) 



l dn{-Kf,'^x ). 
dfi{x) 

The relations of the braid group say that the operators U{Tk,-) verify the fol- 
lowing equations, 

U{Tk,'K^'^x)U{Tk+i,n^lj^T:^^x)U{Tk,n-\f:l^'K-^x) = 

= U {Tk+l,'K^lj^x)U {Tk,T^k^TT^liX)U (Tfc+1 , T^k+l^k^ 

if 1 < fc < n - 2, 

U{Tk,TT^^x)U{Tj,Tr]-\-^x) = U{Tj,Trr^x)U{Tk,TT^\]'^x) 
if \j -k\>l. 

This means that U : G x X ^ i3(7i) is a cocycle. Using the inner product of the 
direct integral space 7Y, we obtain that {tpkf)ix) ^ ''J d^iix) 

'W{Tk,x)* f{-Kkx). 

Then 



But by condition (1), 

{'^k'4'*kf){x) = \k,i{Pk,if){x) = ^ \k,ixx^,i{x)f{x) = Xk,xJ{x) 
leik leik 

then U{Tk,'Kk^x)U{Tk,iT^^x)* = Xk,xk^H^ and 3.5 is true. 

We have to prove the converse. By the theorem 2.10, ip given by 3.6 defines a 
representation of the braid group B„ on the direct integral Hilbert space associated 
to the triple {X,ij,,u). It rests to see that they satisfy the conditions (1), (2) and 
(3). 

ipki^k discrete spectral decomposition because U(Tk, ■)U{Tk, ■)* is diagonaliz- 
able by 3.5. 
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To see condition (2), wc have that 
On the other hand, 

But, by 3.5, U{Tk,TT^^x)U{Tk,TT^'^x)* f{x) = Xk{x)l-H^f{x). In the same way 
f/(r,-,7r-ix)C/(r,-,7r-\x)*(,x)/(x) = A,(x)l«^/(x). Therefore, U{Tk,TT^^x)U{Tk,T^^^x)* 
commutes with U{Tj,'Kj^x)U{Tj,nJ^x)*. Thus, 3.2 is proved. 

For the last condition, we have that 

{M,i^^'f){x) = ^'J^U{n,n^'x)xx,, {TT^'x) 

fW^)Uin,.^'x)-^f{n,n^\x)) 
= Xx,A7r^Hx))f{x) = {P^,^x,,)f){x) 
hence, (3) is true as we wanted. □ 

Remark 3.4. Observe that the proof of the Theorem 3.2 does not use special prop- 
erties of the braid group Mti, then we can substitute IB^ for any group given by 
generators and relations. The proof in general only differs in the relations of the 
cocycle U that must depend on the relations of the group. 

A similar results was obtained by Varadarajan for unitary representations of a 
group G (sec [V] Theorem 6.11, pag 220), but his data is a systems of imprimitivity. 
However, we propose the family of projections J- such that {ip, T) can be a systems 
of imprimitivity. 

Corolary 3.5. Let (tt, X, /ii, i^, [/) he a 5-tuple which satisfies the conditions of the 
Theorem 3.2. Let (p be the representation o/B„, n < oo, associated to that 5- 
tuple such that 4'(Tk) is a self-adjoint operator for allk,l<k<n — 1. Then, 
every invariant closed subspace fC of the direct integral Hilbert space H associated 
to {X,^,v), is a direct integral Hilbert space associated to {Xfc, jj.ici'ic), where 
Xjc C X, flic = M|x;c '^^'^ '^tcix) < i^{x) for all x G Xjc. 

Proof. Let /C C H be a closed invariant subspace, then /C is also invariant for 
(l>{Tk)* = <t>{Tk)- Thus, ^(rfe) commutes with P/c, the orthogonal projection onto 
the subspace /C. 

Therefore, 4'k := Pic4>kPic is a representation of B„ on /C that verifies the hy- 
pothesis of the Theorem 3.2. In fact, 

<l}k<l}k = PK(t>kPK<t'*kPK. = PfC<Pk<PkPlc = >^k,iP>cPk,iPK = ^ >^k,iQk,l 
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and 



Finally 



4>k4>k <Pj<Pj = PlC<PkPlC(l>kPlcP!C(pjP!C(pjPlC = PlC<Pk<Pk^j(pj PlC 
= PK4>34'*j4>k4'*kPK. = 4>j4>3 4'k4>k 



'kQj,l<l>k = PlC(l>kPKPlcPk,lPKPK(l>k^PlC = PlCct>kPk,l<l>k^PK &N:= PkNPk 

3n, (j) = (t){7TK,Xic,HK,l^lC,PlcUPK)- 

Moreover 

Xic = {{xi, . . .,Xn-i) G X : PKPk,xkPjC for all A;, 1 < fc < n - 1} C X 



and 

ICa: = r^klHPicPk,x,PK) = Im P^: H (nfeImPfc,,J = /CnW^ 
Therefore, fx: < and fix. = IJ'\x^- ^ 

4. Well known examples 

4.1. The standard representation. As long as we know, the first time that 
the standard representation appeared was in a work of Dian-Min Tong, Shan-De 
Yang and Zhong-Qi Ma [TYQ]. Sysoeva probed that it is the unique irreducible 
representation of B„ of dimension n, if n > 9, [S]. It is defined in the following way 
for each A; = 1, . . . , n — 1, 



/ 1 



P{Tk) = 



\ 



t 

1 



C". 



V 1 / 

where t is in the place (fc. A: + 1) and pk ■= p{Tk) acts on H 
They verify the conditions of the theorem. In fact, 

/ 1 \ 
1 



PkPk 



\ 1 / 

is a linear operator with two eigenvalue A^^o = 1 a-nd \k.i = the projec- 
tions associated to them are the orthogonal projections over the spaces Wkfi = 
Ker{pkPl - In) and Wk,i = Ker{pkPl - Itpln) respectively. 

As pkPk are diagonal for all k, they commute. It is easy to see that for every I, k, 
< I < 1 and l<A:<n— Iwc have that PkPj,iPk^ = Pj,i j k,k + 1. While 
PkPk,iPk^ = Pk+i,i and pkPk+i,iPk^ = Pk,i iik <n-2. Finally pn-iPn-i,oPn-i = 
Ap^P,-,i and 

pn-iPn-i,iPn-i = Pjfi- Hence, the condition (3) of theorem 
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3.2 is verified. Following the proof of theorem 3.2, we can see that the standard 
representation is equivalent to the representation (I>{-k,x,h,v,u) given by the 5-tuple 

(tt, X, /i, V, U), where 

(1) X = {{xi,. . .,Xn-i) ■.Xi = 0,l; i = 1, . . . ,n - 1}, 

(2) If dk is the (n — l)-tuple with 1 in the place k and zero elsewhere for 
fc = 1, . . . ,n — 1, and Sq = {0, . . . ,0) 



/i(,T) = 



1 ii X = Sk for some fc = 0, . . . , n — 1 

in other case 



(3) The action tt is defined for almost all x € X by 

'^fc(*^l5 • • • ) l) ~ (*^1? * • • ) Ij *^fc+l) ^fe) • * • ) l) 

if fc = 1, . . . , n — 2. And 7r„_i is defined by 

r (0,...,0) if (xi,...,x„_i) = (0,...,l) 

Trn-i{xi,...,Xn-i) = I (0, . . . , 1) if (oji , . . . , a;„_i ) = (0, . . . , 0) 

(a;i, . . . , Xn-i) in other cases 

(4) u{x) = 1 for almost all x £ X, then Hx = C, 

(5) U{Tk,T^^x) = l + {t- l)xk+i e C. 

Note that the measure /x is invariant by the action tt. Therefore Pk{x) = 
Ml>d^ = 1 for almost all x. 

If {/3j : j = 1, . . . , n} is the canonical basis of C", and fj = xSj is the character- 
istic function of the element 6j define 



a : C" 

fj if j = l,...,n- 1 

/o if j = n 



Then a{pk{(3j)) = 4>k{o.{Pj)) for all j,l < j < n. Thus, the representations are 
equivalent. 

Observe that \X\ = 2", however the dimTi = n. This happens because there are 
only n points of X with non zero measure. 

Note that when n = oo, the action of the element Wk consists on the permutation 
of the places k and fc+1. Hence, we obtain a representation of Bqo as a generalization 

of the standard representation. 

4.2. Local Representations. Let y be a vector space and c: V(S^V^V(S^Va'n 
invertible lineal operator, c satisfies the braid equation if it satisfies the following 
equality in F (g) V O V = V^^ 

(c (g) (g> c)(c (g) Iv) = (ly (8> c)(c (g) (g c) 

In this case {V,c) is called a braid vector space and c a ii-matrix. On the 

space we may define a representation of B„ in the following way. For each 
= 1, . . . , n - 1 let c(rfe) := Ck : 1^®" ^ 1^®" given by Ck = Ife-i (g c ® l„_fe_i, 

where Ifc = <g> • • • (g ly, is the k times tensor product of the identity on V; this 

representation is called local. 

If there exists a basis /3 = {vi, of F such that c{vi ^Vj) = qijVj (g Vi for 

alH, j, 1 < i,j < m where the are non zero complex numbers, the representation 
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is called of diagonal type [AG]. In this case, the operators Ck satisfy the hypothesis 
of the theorem 3.2. In fact, 

Ck{vj, ^■■■^VjJ = qj^,j^^,Vj, (8) • • • (8) Vj^^, ^vj^^---^ Vj„ 

where ji € {!,..., dim F} for alH = 1, . . . , n. Then 

c*k{vj, • • • VjJ = qJ^^Vj, (8) • • • <8) Vj^^, (8 Uj, (8 • • • <8 vj^ 

Then, 

CkC*k{vj, (g) ■ ■ ■ (g) VjJ = \qj^,j^^, fvj, (8 • • • (8 Uj, vj^^, ^■■■^Vj„ 
If S = {{a, b) : a,b £ {1, . . . , dim F}}, we have that 

CfeCfc = X! \l{a,b)fPk,ia,b) 
(a,b)eS 

where Pk,{a.b) is the projection over the subspace of F®" generated by all the vectors 
Vj-^ ® ■ ■ ■ ® Vj^ such that jk = a y jk+i = h. 

As CfcC^ is diagonal for all k, Ckc\ and CjCj commute for all j. 

We have to see the condition (3) of theorem 3.2. In fact, 

r PjAa,b) if \j -k\>l 

-1 J P] (b a) if j = k 

CkPj,iaMCk = EcSj;^-l,(a,c)A/^,(.,,) if J = fc - 1 
I Ec=l ^ -ffe,(a,c) A Pk+l,(c,b) if j = + 1 

Therefore, following the proof of Theorem 3.2, the representation is equivalent 

to <P{7:,x,fi,,y,u), where 

(1) X = {{xi....,Xn-i) ■■ X., = {a^A},),a.,,b, E {1, . . . , dim F}}, 

, , , , . , I, \\ / 1 if = «i+i for alH = 1, . . . , n - 2 

(2) M(«i,^i),.--,K-i,&n-i)) = | in other case 

(3) The action tt is defined for almost all a; € X by 
7rfc((ai, 02), (02, as), . . . , (a„_i, fe„_i)) = 

= ((ai, 02), . . . , (afc-i, ftfe+i), (flfe+i, Ofe), (ttfe, afe_|_2), . . . , (a„_i, 6„_i)), 

and 7r^^(a;) = 7r/c(a;) for almost all x. 

(4) u{x) = 1 for all a; G X, 

(5) U{Tk,T^'^x) = q^,. 

Let a : F®" — > be the lineal operator defined in the basis of 1/®" by 

a{vj, ■ • • (8 = j2),02j3),...,0„-i 

It verifies that a{ck{vj^ • • ■ (8 = (f>k{a{vj^ • • • Wj„)) showing the equiv- 
alence of the representations. 

In the same way as in the previous example, if n = 00 this construction permits 
us to generalize this representation to one of Boo in a natural way. 

Other local representation is the following ([AS]). Let H be any group and let 
T c F be such that for all g e H and t e T, gtg~^ e T, that is T is closed by 
conjugation of elements of H. Let 7 : i? x T — > C — {0} be a function such that for 

all g, h e H, and t & T 

(1) 7(l,i) = l 

(2) j{gh,t)=j{g,hth-^)^{h,t) 
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Let V be the complex vector space with orthonormal basis {vt : t G T} and let 
c be defined by c{vs (8) vt) = 7(s, t)Vsts-'^ ^ Vg. The conditions imposed to 7 ensure 
that c verify the braid equation. 

Then 

Taking the inner product in V ^ 

cliVg,(E)- ■ -(^VgJ = l{gk + l,9kll9k9k+l)Vg^®- ■ ■®'"gk-l®Vgk + l®Vg-l^g^gk + ,®- ' '^^Sn 

We obtain that 

Cfc4(Wgi (g) • • • (g) VgJ = \ j{gk+l, gkll9kgk+l)\'^Vg^ (g) • • • ® Vg„ 

U S = {{a, b) :a,bGT} we have that 

CfcCfc = l7(^fe"^a^)P-Pfe,(a,6) 

where Pk,{a.b) is the projection over the subspace of 1/*^" generated for all the 
vectors Vg^ ® ■ ■ ■ ® Vg^^ such that gk = a and gk+i = b. 

As CfeC^ is diagonal for all fc, it commutes with CjC* for all j. We have just 
checked only the conditions (1) and (2) of Theorem 3.2. For the condition (3) we 
have that, 

f PjXa,b) if|j-fc|>l 
p ^-1 _ J Pj.(aba-Ka) H j = k 

Ck^U<^,b)Ck Y.eeTPk-Ua,c)^PkAc,b) H J = k - I 

I EceT -Pfe,(cac-i,c) A Pk+l,(c,b) lij = k + l 

Then this representation is equivalent to (j) := 4'(w,x,h,u,u)j where 

(1) X = {{xi, . . .,Xn-i) ■■ Xi = {tti, bi),ai,bi € T}, 

(( u \ I u w / 1 if = ai+i for alH = 1, . . . , n - 2 

(2) M((ai, &i), • • • , (an-i, bn-i)) = I in other cases 

(3) The action tt is defined for almost all a; G X by 
7i"fe((ai,a2), (02,03) . . . , (a„_i,6„_i)) = 

= ((cii, 02), • • • , (ofe-i, afeOfe+ia^ {akUk+ia^^ ,ak), {ak, afe+2), • • • , (on-i, bn-i)), 
and 

7r^^((ai,a2), (02,03) . . . , (a„_i,6„_i)) = ((01,02), . . . , (ofe_i,Ofc+i), 

(Ofc+l, O^j^^OfeO/c+l), (o^_|':jOfeOfe+l, Ofe+2), . . . , (o„_i, 6„_l)), 

Note that tt^^ 7^ TTfc 

(4) i^{x) = 1 for all xgX, 

(5) U{Tk,T^'^x) ='y{xk) =7{ak,bk). 

The map a : F®" ^ H defined in the basis of F®" by 

a{vg^ (g) • • • O VgJ = X((si,s2),(s2,s3),...,(s„-i,s„)) 

gives the equivalence between the representations. 

Likewise in the previous examples, this representations can be generalized to Boo 
in a natural way taking n = 00. 
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4.3. The Burau Representation. The Burau representation was defined by Bu- 
rau in 1936. Formanek [F] proved that this representation and an "extended" one 
of it, are the unique irreducible representations of B„ of dimension n — 1, if n > 7. 
The Burau representation is defined by the following operators acting on C"~^, 

( -t 1 \ 
1 

1 



Pi 



1 / 



/ 1 



Pk = 



1 

t -t 1 

1 



V 

where —t is in the place (fc, k), 

( 1 



Pn-\ 



if 2 < fc < n-2, 



1 / 







These operators do not satisfy the condition that PkPk commute with pjp*- for all 
j, therefore they do not correspond to a representation given by a 5-tuple as in 
Theorem 3.2. 

4.4. Other examples. Consider the representations given in [EG], they are con- 
structed in the following way. Choose n non negative integers zi, Z2, . . . , z„, no 
necessarily different. Let X be the set of all the possible n-tuples obtained by per- 
mutation of the coordinates of the fixed n-tuple [zi,..., Zn)- Let F be a complex 
vector space with orthonormal basis (3 = {vx '■ x £ X}. Then the dimension of V 
is the cardinality of X. 

Define <?!) : B„ ^ Aut(F), such that 
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where qxk,xk+i is a non-zero complex number that depends on x. ReaUy it only 
depends on the places k and k + 1 oi x. Define 

^kixii • • * ) Xji^ = {xi^ • ' • : ^/c+l? ^fc) • • • ) ^n)) 

It is easy to see that this representation is given by the 5-tuple (tt, X', u, U), 
where 

(1) Let Y := {zi,Z2, • • . , z„}, then X' := y"; 

(2) Tr{Tk)ixi, . . . ,Xk,Xk+l, ■ . ■ , Xn) = ixi,...,Xk+l,Xk...,Xn), 1 < fc < 71 - 1; 

(3) Let a := (zi, Z2, . . . , Zn) G X'. fi is defined by 

^{x) = 1 <^ there exists r e ]B„ such that x = 7r(r)a; 

(4) iy{x) = 1, for all x G X'; 

(5) U{Tk,Tkx) := qx^,x^+^- 

In [EG] the reader can find a necessary condition for this representation to be 
irreducible and the following explicit family of irreducible representations. Let 
01 = • • • = = 1, Zrn+i = ■■■ = Zn = and 

_ J 1 iixk= Xfe+i 

<y^ iixki^Xk+1 

where t is a real number, t ^ 0,1,-1. The dimension of this representation is 
(to) ~ m\(n-m)\ ' If = 1) it is equivalent to the standard representation. 

5. Quasi-invariant measure 

In this section we analyze the 7r-quasi-invariance condition of the measure. We 
will give examples of measures that satisfy this condition. 

5.1. Discrete Measures. A measure over a set X is called discrete if the a- 
algebra of measurable sets is ViX) the set of all the subsets of X. In particular, 
single points arc measurable sots. 

Let X = {{x\, . . . , Xn-i) : Xi e /i}, n < oo, for some index sets and let a be a 
fixed element of X. Then an easy example of 7r-quasi-invariant discrete measure is 
the following 

^^a{x) = 1 <^=^ there exists r € B„ such that x = 7r(T)a 

That is, fia is concentrated in 7r(B„)a, the orbit of a. This is the case in examples 
4.1 and 4.4. 

More generally, let F be a subset of X, ;u = '^^ev i^ ^ 7r-quasi-invariant 
discrete measure. It is concentrated in Uoey7r(B„)a, the union of the orbits 7r(B„)a, 
with a G y. 

5.2. Product Measures. Consider that the space X is a direct product of n — 1 
set Yfe, n < 00. If we assign to each set Yk a measure fjbk, we can construct the 
product measure for X. 

Remember the construction of the product space. Assume that for all k, (Yk^Hk) 
is a measure space and that fikiXk) = 1. If X is a product of a finite number of Yk, 
this last condition is not necessary. 

We assign to X the a-algebra R of Borel subsets, generated by "cylindrical" sets. 
These sets are defined by 

X(oii, . • • ^air) = {{xi,- ■ ■,Xn-{) ■■ Xi^ = ai^,j = 1, . . . ,r} 
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where a^^ G Yi^ for all j = 1, . . . , r, r < oo. 

Now, we have to define a measure over this cr-algcbra R. It is enough to define 
the measure of the cylindrical set (see [H] pags 155-160), that is 

r 

IJ,{X{ai, , . . . , ttij) = Jl (oj^. ) > 

Let TT be an action of B„ on X. Wc analyze the 7r-quasi-invariancc of product 
measures. In order to that we suppose that all the Yfe are equal, that is Yfe = F for 
all k. Furthermore, we assume that Trk{X{ai^ , . . . , Oj^)) = X{bj^ , . . . ,bjj then, 

r 

/i(7rfc(X(ai,,...,aiJ)) = /x(X(6ji,...,6jJ) = ]J^j,(6jJ = 

1=1 

— Y\f 7 — rAfl,^ , • • • ) flir-Jj 

Hence, if A is a cylindrical set there exists a complex number Ck^A such that 

^^{^^k{A)) = Ck,AlJ'{A) 

Proposition 5.1. Let {X = Ilfc^i — 11^=1 /^fe) product m,easure space 

with n < CO. If Y = {a^, . . . , a*} is a finite set and each iTk acts changing only 
finite coordinates Xj of x, then fj, is ir- quasi-invariant. 

Proof. We have to prove that £^ is a set with IJ,{E) = if and only if iJ.{TTk{Ej) = 
for all fc = 1, . . . ,n — 1. 

Let be a set of measure zero. By definition of the cr-algebra R, for each 
£ > 0, there is a family of disjoint cylindrical sets {Ei} such that E C UjgN 
l^{\JEi)<s. 

Given k = 1, ... ,n — 1, we want to see that fj,{TTk{E)) = 0. It is enough to 
prove that /x(7rfe(U Ei)) < (5(e). Assume that tt/c changes the places ij, . . . , i^^. For 
each s G {1, • • • ,rk} let J = J(s) — {ji, . . . ,js) and a = a{s) = (ai, . . . ,as) be a 
multi-index such that G {if, . . . , i^^} and a™ G Y for all m, 1 < m < s. Let 
be the union of all the cylindrical set Ei that fix the places jVn by the value a^'" 
and let F be the union of the remaining cylindrical sets. Then, 

^^(nk{\jEi)) = f,Lk{Fu\J\jF;^)\ = Jnk{F) u\J[jnkiF;^)\ = 

\ s J, a / \ s ,7,a / 

< M(7rft(F)) +^^M(vr;c(F/)) =MJ^) +EE'='^-^.«M^a) ^ 

s J,a s J,a 



<{i + Y.^Ck,J,a)li {[jEi 



s J,a 

■^s X]js S 7a ^^k.j,a is finite, this last expression is arbitrarily small. 

With a similar argument, changing the role of tt^ by tt^T^, we can shows that if 
is a measurable set such that ^i{E) = then ^{n'l^^E) =0. □ 

Example 5.2. We consider the Lebesgue measure on the interval [0, 1]. Let n = oo 
and X be the set of sequences x = {xi,X2, ■ ■ ■), with Xk & {0,1,2, . . . ,r — 1} for all 
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k eN. The map 

X^[0,1] 

oo 

X Xkr~'^ 

fe=i 

is a bijection off a countable set. Under it, the Lebesgue measure can be seen as the 
product measure given by Hfe where /x(aj) = for all aj € {0, 1, . . . , r — 1}. By 
Proposition 5.1 this mesure is 7r-quasi-invariant, for all action tt of B^o on X [0, 1] 
with the following property: each ttj; acts changing only finite coordinates Xj of x. 

5.3. Ergodic Measures. We start with the definition. 

Definition 5.3. Let be a 7r-quasi-invariant measure, /U is said n-ergodic if each 
subset E oi X invariant by the action of tt have measure zero or its complement 

have measure! zero. 

Equivalently (see [J] Proposition 11.1.2, or [G] p. 15), fj, is 7r-ergodic if every 
essentially bounded measure function ip{x) on X which is invariant by the action of 
TT (that is i^{x) = ip{-Kk{x)) for almost all a; G X and all fc,l < fc < n — 1, n < oo), 
is constant for almost aW x & X. 

Definition 5.4. Two measures fi and /i' defined over the cr-algebra of subsets of 
X, with /Lt(X) = ii'{X) = 1, are disjoint if there is a measurable set F such that 
li{F) = 1 and /i'(F) = 0. 

Proposition 5.5. Let fj, and /i' be two ■K-ergodic measures on X such that li{X) = 
n'{X) = 1. If is absolutely continuous respect to fj., then fj. and /x' are equivalent. 
If they are not equivalent, then they are disjoint. 

Proof. The second statement implies the first one. Assume that fi and /x' are 
not equivalent, then there is a measurable set E with fJ.{E) > and n'{E) = 0. 
As ^' is TT-quasi-invariant, fi'{Trk{E)) = for all fc = 1, . . . , n — 1. Furthermore, 
n' {it{t){E)) = for all r e B„. Therefore F = IJreB '''('^)(-^) is a measurable set 
with /{F) = 0. 

On the other hand ijl{F) > ijl{E) > 0, then we have that ijl{F) = ij,{X) = 1, since 
F is invariant by the action tt and /z is ergodic. Therefore /i and ji' are disjoint. □ 

Remark 5.6. From this proposition on deduce easily that every 7r-ergodic discrete 
measure is concentrated in the orbit of an element x G X, that is, the points in the 
orbit of x are the unique points of X of non zero measure. 

6. Irreducibility and Factor Representations 

Given the 5-tuplc (tt, X, /i, v, U), we will analyze the irreducibility of the associ- 
ated representation 4>(-n,x.iJ.M,u)- 

Proposition 6.1. Let 4'(-k^x,^i,i,u) be a representation ofMn such that for all k, 
'Pk '■= 4>{Tk) is a self-adjoint operator. If the measure fj, is ir-ergodic, n{X) = 1 and 
U{Tk,'K^^x) is not a constant operator, then the representation is irreducible. 

Proof. Let /C C W be a closed invariant subspace, then by corollary 3.5, cj) := 

PK.(f>PK = '/'(7rK,XK,pK,i^K,PKC/PK;)' where Xic C X, = Mlx^ ^^'^ '^'c(a;) < 

As i'{x) = 1 for almost all x G X and JC^ C Tlx, then /C^ = or /C^; = T^x, for 
X G Xtc. Now, let A = {x e Xk: : Kx 0} = {x e X : vk.{x) = 1} C X. It is a 
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measurable set because vk is measurable. Moreover, it is invariant by tt, since Vfc is 
TT-invariant. As /i is 7r-ergodic, ^{A) = or ii{A) = 1. Then K. = ov K, = H. □ 

Definition 6.2. A representation is a factor representation if the von Neumann 
algebra M generated by {4'{Tk)}k is a factor, that is, if the commutator M' contains 
just the operators AIm, with A G C. 

If M is the von Neumann algebra generated by an irreducible representation 
^, then by Schur's Lemma, M' = Cln, that is ^ is a factor representation. The 
converse is only true if the representation is unitary. 

From von Neumann algebras theory it is known that every representation can be 
decomposed, in a unique way, as sum or direct integral of factor representations. 



Proposition 6.3. // (t){w,x,n,u,u) o, factor representation, then fi is ir-ergodic. 

Proof. Let (p be an essentially bounded measurable function such that (p{x) = 
(^(tt/jx). By 3.3 we have that 

{cl>kM^f){x) = (M^o.-<^fe/)(^) = <p{7r^'x){<l>kf){x) 



= ^[x)U{T,,n-\)^'-^^f{^,\) 

= (M^0fc/)(x) 

Then e M'. This means that = Al-^, and ip{x) = A for almost all 
xgX. □ 

Corolary 6.4. If(j) := 4'{Tr,x,fi,iy,u) a, factor representation and v is an essentially 
bounded measurable function, then v is constant. 

Proof. As ^ is a factor representation, then fj, is jr-ergodic. This means that every 
TT-invariant essentially bounded measurable function is a constant function. So is 
I/. □ 

Note that, under the condition of the corollary, ^{x) = a < oo for all a; € X. 

Proposition 6.5. Let (t>{Tv,x,n,v,u) f>e an irreducible representation o/B„, n < oo, 

where the 5-tuple {'K,X,ii,v,U) satisfies the conditions of the example 2.11 and /i 
is a TT-invariant finite measure. If v is an essentially bounded measurable function 
then v{x) = 1. 

Proof. As the representation is irreducible, it is a factor. Then, the measure is 
ergodic. Therefore i'{x) is constant. We suppose that = r < cjo for almost all x. 
By conditions of the example 2.11, U{Tk,'!Tkx) commute with U{Tk,TTkTTk+iTrkx) = 
U{Tk+i,TTk+ix) for all fc, 1 < fc < n — 2. Hence, the operators {U{Tk,nkx)}k 
commute. Therefore, they simultaneously triangularize for each x. Then there is 
Vx £ Hr such that U{Tk,'!Tkx)vx = Xk(x)vx, for every k. We choose an element 
in each class of X/M^, yi, 2/2i • • • , and unitary vectors Vy^,Vy^,-- ■ G Hr such that 
U{Tk,'Kkyi)vyi = \k{yi)Vy^, for each I = 1,2,.... We define the vector function 
X f{x) such that /(y) = Vy^ if y = 7r(r)(yi), for some r G B„. Then, f ^ H 
because d/i(a;) = n{X) < oo. It verifies that 

{Af){x) = Xk{x)f{x) 
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Then, since / is non zero, the closed subspace JC generated by / is a non zero 
invariant subspace. Moreover, K is invariant by for all k, because 



{<t>lf){x) = U{Tk,x)*f{lTkX) = Xk{x)f{x) 

Thus, by corollary 3.5, K, = j-^^ ICxd^tzix)- Where yK.{x) = 1 for almost all 
xGXk:. 

If r = u{x) > 1, there is Wy, £ Ti-y,, linearly independent to Vy,. Let K. = 
Cwx dfi, where Wx ■= Wy, if x = 7r(r) for some r € B„. /C is a closed 
subspace of H such that K. (iK. = because ICx (1 JCx = for almost all x G X. 
Therefore IC H which is a contradiction since the representation is irreducible. 
Then = 1. □ 

Proposition 6.6. Let p be an irreducible self-adjoint representations of ]B„ on a 
vector space V of dimension m < oo. Let {Tr,X,n, U) be a 5-tuple where n is a 
TT-ergodic invariant measure, i^{x) ~ m and U{Tk, x) :— p{Tk) for almost all x G X. 
Then 4>(-k.x,h.v.U) o,""^ irreducible representation ofMn- 

Proof. Let /C be an invariant closed subspace ofH := J-^ Vdp{x). As 4'(v,x,n,u,u) is 
self-adjoint, by Corollary 3.5, IC = J^^ ICxd^icix), where X/c C X, ICx is a subspace 
of V and /iyc — l^\x^- Given y G Xi^, wc have to sec that ICy is an invariant subspace 
by p. Let u G /C^ be a non zero vector, let us see that for all A;, 1 < A; < n — 1, 
p{Tk)v € fCy. For each fc, let /fc G /C defined by 



if TTkX = y 
if TTkX ^ y 



fk{x) = I I 

Then, as K. is invariant by (p, we have that 

i<PMx) = U{rk,.-k'x)fk{.-k'x) = ( ^'^^^^ = y 

But {4>kf){x) G ICx for almost all x since /C is invariant. Hence, p{Tk)v G ICy as we 
wanted. Therefore JCx is invariant for almost all x G Xjc, then ICx = ^ ov V because 
p is irreducible. Now, let A = {x € Xjc : ICx = 0} = {x € X : vjcix) = 0} C X. 
It is a measurable set because ujc is measurable. Moreover, it is invariant by tt, 
since Vfc is 7r-invariant. As p, is 7r-ergodic, p,{A) = or p,{A) = 1. Then /C = W or 
/C = 0. □ 

Remark 6.7. There are representations of B„ (n < oo), that are not completely 
reducible. 

We construct the following example using Theorem 2.10. Let X = {{xi, . . . , x„) : 

= 0, 1}, TTfc acting on each x E X by permutation of its coordinates Xk and Xk+i, 
v{x) = 2 and U{Tk,x) = A for almost all a; G X and for all k, where A is the 
following matrix 

■ 1 1 
1 

The operator U{Tk,TTkx) satisfy the relations of the example 2.11. If f{x) = (1,0) 
then the closed subspace /C generated by / is invariant. Moreover, it is invariant 
by (j)^, then, by corollary 3.5, IC = J^^ /Cj.(i/iAc(a;). But IC has not invariant com- 
plements. Indeed, suppose that there exits a closed subspace W CH, invariant by 
{(f)k}, such that W (B IC = H. We may suppose that W is orthogonal to /C, in the 
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contrary, we change W hy W = {w — Pjcw : w & W}, where Pic is the orthogonal 
projection over /C. Then W is an orthogonal invariant complement of IC. 

Moreover W is invariant for (6^, , then (/)k commute with Pw, the orthogonal 
projection over W. Therefore 0^ := Pw(j)kPw satisfy the hypothesis of the Theorem 
3.2. Hence, W = W^dii^x), with Wx C Hx and Wx ® /C^ = for almost all 
X. Then dimWi; = 1 for almost all x, since i'{x) = 2 and dim/C^ = 1. This is a 
contradiction since A has a unique eigenspace of dimension 1 . 
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